SOME A PRIORI ESTIMATES FOR THE HOMOGENEOUS LANDAU EQUATION 

WITH SOFT POTENTIALS 



R. ALEXANDRE, J. LIAO, AND C. LIN 

Abstract. This paper deals with the derivation of some a priori estimates for the homogeneous Landau 
equation with soft potentials. Using the coercivity of the Landau operator for soft potentials, we prove 
a global estimate of weak solutions in iJ space without any smallness assumption on the initial data 
for -2 < 7 < 0. For the stronger case -3 < •/ < -2, which covers in particular the Coulomb case, we 
get such a global estimate, but in some weighted 1} space and under a smallness assumption on initial 
data. 
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1. Introduction 

The classical homogenous Landau equation (also called Fokker-Planck-Landau equation) is a com- 
mon model in kinetic theory, see Chapman-Cowling [ISl and Lifschitz-Pitaevskii lITTl . This equation 
is obtained as a continuous approximation of the Boltzmann equation when grazing collisions prevail, 
see for instance lH] |2] |9l [151 E3l for a detailed study of the limiting process, and references therein 
on this subject. It describes the evolution of the (homogeneous) density function f(t, v) of particles 
having the velocity v e at time ? > 0: 

(1-1) dtf = 5v,{ J aijif.d,./ - /5v.,/,)}, 

where 

(1.2) aijiz) = Izr^Uijiz), Uijiz) = 6ij - z ^ 0. 

The properties of the Landau equation depend heavily on y. It is customary to speak of hard 
potentials for y > 0, and soft potentials for y € (-3, 0). The special cases, y = and y = -3, are 
called the Maxwellian and Coulomb potentials, respectively. Note the fact that the more y is negative, 
the more the Landau equation is physically interesting, see Villani 125 ] for a detailed survey about 
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such considerations. We refer to iHTl [121 |23l |25l for more details on this equation and its physical 
meanings. 

For a given nonnegative initial data /o, we shall use the notations 

(1.3) mo ^ r Mv)dv, eo = ^ f /o(v)|v|^<iv, Ho = [ /o(v) log /o(v) Jv, 

for the initial mass, energy and entropy. It is classical that if /o > and mo, e^, Hq are finite, then /o 
belongs to 

L\ogLiR') = {feL\R'): f |/(v)| | log(|/(v)|)|Jv < <x,|. 

The solution of the Landau equation satisfies, at least formally, the conservation of mass, momentum 
and energy, that is, for any t > 0, 

f f{t,vMv)dv= f MvMv)dv, <fi{v) = \,v,\v\^/2. 

Jr3 Jr3 

We also define 

,|2 



m 



r r |v|^ 

f{t,v)dv = mQ, e= f{t,v)—dv = eo- 

Jr3 Jr3 ^ 



Another fundamental a priori estimate is the decay of entropy, that is, the solution satisfies, at least 
formally, for any t > 0, 

f f{t,v)\ogf{t,v)dv< r /o(v)log/o(v)c/v. 

Jr3 Jr3 

For 5 > 0, we introduce classical weighted spaces as follows 

|/(v)| <v>' dv = M,{f), 



II/IIl?(r3) - / l/(v)P < V dv, 
where < v >:= (1 + |vp)'^^. And we set 

bi = djUijiz), c{z) = dijUijiz), 
Qij = Qij * f, hi =bi*f, c = c*f. 

If y > -3, we have 

aij = Uij{z)\zr\ bi - -2\zr^^, c - -2(y + 3)kr, 

and if y = -3, the first two formulas remain true while the third one is replaced by 

c = -Sn6o. 

The theory of the homogeneous Landau equation for hard potentials is studied in great details by 
Desvillettes-Villani lfm[T2l . while the particular case of Maxwellian molecules y = can be found 
in Villani [24]. 

However, there are only scattered results concerning the soft potentials. We mention the compact- 
ness properties in Lions [18 1 and the existence of weak solutions in the inhomogeneous context by 
means of renormalization tools in Villani fTl\ for very soft potentials, the existence of H-solution 
under some assumptions on initial conditions considered in Villani [23 1. By using a probabilistic ap- 
proach, Guerin lfT6l studied the existence of a measure solution for y e (-1, 0). Still by probabilistic 
approach, Foumier-Guerin [T?] studied the uniqueness and local existence of such weak solutions 
for soft potentials. For the Coulomb potential case y = -3, Arsen'ev-Peskov |,3J studied the local 
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existence of weak solutions and Fournier fT3] considered the local well-posedness result for such so- 
lutions. All these results give a priori estimates of solutions in some LP spaces, globally if -2 < y < 
and locally if -3 < y < -2. 

This paper is devoted to some further a priori energy estimates by using the coercivity of the Landau 
operator for soft potentials, given in Desvillettes-Villani ifTll . which is stated and proved therein for 
y > -2 but remains true for y > -3 (at least). Our main result is the following, where here and below 
we use C or C, to denote a generic constant. 

Theorem 1.1. Consider the Cauchy problem for the classical homogenous Landau equation f li. iD - 
di.2D with initial data fo e L2(9?) n LlogL(R^). Let the initial mass mo, energy cq and entropy Hq 
defined in l \L3i be finite. Then we have 

1. Assume that -2 < y < and fo 6 L^(]R-'). Then we have the following global in time a priori 
estimate on a weak solution in L^(R^) 

where the constants C\ and C2 depend on y, /mq, eo and Hq. 

2. Assume that -3 < y < — 2 and that /o e L^{M?)for some a > —I — 3y/2. Assume moreover that 
II/oIIl2(r3) suitably small. Then there exists a constant C depending only the entropy estimates of fo 
and on \\fQ\\ii(fS) such that one has a global in time a priori estimate on a weak solution 

f e L'^CLO, 00); l2(r3)) and \\f{t, 011^2(1,3) < C. 

3. Under assumptions stated in L or 2. above, one has 

f € l2(0, T\ Hi(Rl))for any fixed T > 0, 
where Ha denotes the corresponding weighted Sobolev space. 

We note that from these a priori energy estimates in weighted L^ spaces and similar ones for 
higher derivatives, eventually with different weight functions which can be obtained following the 
general scheme displayed below, one could get the complete existence result by using the arguments 
of Desvillettes-Villani [llj and Arsen'ev-Peskov t3J. In particular, one could eventually have an 
immediate regularization property of solutions. 

Moreover, we remark that uniqueness and convergence to equilibrium results of these weak solu- 
tions can be derived based on the works of Fournier [ 13 1 and Foumier-Guerin [ 14 1. Note also that we 
decided to work in L^ type spaces, but our proofs can also be adapted to more general weighted L'' 
spaces with I < p < +00, at the expense of changing one crucial argument used in the proofs, namely 
Pitt's inequality, see Beckner EJ |5l |6l for example. Finally, a comparison with the recent result of 
Foumier-Guerin [14] shows that we slightly improve their results even in the case y > -2 but close 
to y = -2, and of course in the case -3 < y < -2, though we need a smallness assumption. 

The proof of our main result above rests mainly on Pitt's inequality ||4l21|3|. However, it is possible 
to avoid this inequality at least in the case of not too soft potentials y G (-2, 0), by using standard 
Nash Gagliardo Nirenberg inequalities [19 | for example, and assuming enough control of moments 
in L\ as follows from Villani Il23l . For example, one can show that 

Proposition 1.2. Under the same hypothesis as in Theorem U.ll assume moreover that y £ (-2,0), 
that M^{t) is bounded by Cp(l -1- 1), where p. = -^^f^- Then it follows that 

11/(011^2(5,3) < C(l + tf. 

Comparing with Theorem U.ll we improve on the temporal growth of this L^ norm. But we do ask 
for many more moments: in particular, note that for y very close to -2, then we ask for almost all 
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moments to be controlled. This point might be linked with working with type estimations, see last 
Section for further comments. 

The organization of the paper is as follows. Firstly, a proposition of coercivity for soft potentials is 
proved in Section 2, following the arguments of Desvillettes-Villani |TT|, for y > -3. This section is 
merely for the convenience of the reader since the proof follows by carefully looking to the proof in 

m. 

Then in Section 3, the a priori energy estimates are carried out for the case y e (-2, 0) to get the 
global estimate of weak solutions, giving the first part of Theorem ll.il 

In Section 4, we cany out the weighted energy estimates for the case -3 < y < -2 to get the global 
estimates of weak solutions in weighted spaces, upon a smallness assumption on the initial data. 
This gives the second part of Theorem ll.il completed by Section 5. for the special case y - -3. 

In Section 6, again the same process is shown to yield local in time estimate for the case y € 
(-3, -2), unless we can get better moment estimates in (that is, if the moment is uniformly bounded 
w.r.t time). But up to now, we have only a upper bound with a linear time growth according to Villani 
1221. 

Finally, Section 7 is devoted to the proof of Proposition 1 1.2 1 

2. Coercivity 

This section is devoted to the proof of coercivity for soft potentials, which is an extension of hard 
potential case in Desvillettes-Villani [11 J. In fact as mentioned to us by Desvillettes, the proof stated 
therein works for y > -2 but we show that it still holds true for y > -3. 

Proposition 2.1. (Coercivity) Let y e [-3,0). Let f e L^Ci LlogL(]R^) with m{f) = mq, e(f) < eo, 
H(f) < Hq. Then there exist a constant Ccoer, explicitly computable and depending on y, mo, eo c^nd 
Hq, such that 

(2. 1) € R\ aij^i^j > Ccoer < V >^ l^p. 

To prove the coercivity proposition, we use the same notations as in |[TT]i . and recall the following 
lemma from iHTI : 

Lemma 2.2. Let f > be a function of L^{M?) such that m{f) = mo, e{f) < cq, H{f) < Hq. Then, 
for all e > 0, there exists rj{e) > 0, depending only on m(),eo,Hf), such that for any measurable set 
A c M?, 

\A\ < 77(e) ^ r / < e, 
Ja 

where \A\ denotes the Lebesgue measure of A. 

Proof of Lemma I2.2t the arguments are taken from the nonhomogeneous case dealt with by Desvil- 
lettes flOl. But we slightly modify some of his steps, since we display an explicit expression of 77(e) 
which could be required elsewhere (and which of course is not unique as regards of the proof below). 
We note firstly that 

J /|log/|- J /log/ - 2 j^^^ -/log/ 

-2 r -/log/ +2 r ,„,, -/log/ 

<2m + 2e + ?>{lnf exp(l). 
Using the decrease of entropy, and the conservation of mass and energy, it follows that 



LANDAU-SOFT 



5 



J /I log /I < //() + 2mo + 2eo + 3(2;r)3 exp(l) = ^o- 
Now let a fix an arbitrary set A. One has, for all 5 > 1 

ff-ff+f f 

Ja JA,f<S JA,f>S 

<5\A\ + {log 6)-' Ho. 
Assume that |A| < Then it follows that 



r f<2Ho-^ 
Ja log 



)g(5 

We want this to be less than a fixed e > 0. It is enough to take the value of 5 as 5 = e^^°^ ' . In 
conclusion, we have shown that setting 

then it follows that 

I / < e for any measurable set A such that |A| < t]{s), 
Ja 

ending the proof. 

Proof of Proposition lilt Let ^ € R^ |^| - 1, < 6* < f . And set 

De,({v) = [v, € r3 : i^^ZZl . ^| > cos ^l, 

which is the cone centered at v, of axis directed by by ^ and of angle 9 (see the figure in ifTTl '). 

For all V* 6 R^\De f(v), we have 

Uijiy - v,)^i^j - |v - v,r\5ij ____^)^.^. 

|v-v,| 

Then for all v e 6* e (0, f ), > 0, we get 



aij{v)^i^j> I dv*f*l\v,\<R,aij{v -Vt)^i^j 

Js?\De,f(v) 

> I dv*\ |v, |<i?. |v - V* I ''"^^Z* sin^ 6. 

JM?\D„f(v) 



;R3\Df,.f(v) 

(2.2) ^ 

?e.f(v) 

We first take care of large |v*|. Let /?« - 2(eo/'«o)'^^ and be the ball with center and radius R^,. 
Then 

(2.3) r dvJ,>mo(l-^)>^, 

Jb, moRi / 

and we also note that 

(2.4) \B, n Z)e,f (v)| < 2nR,(\v\ + R,f tan^ 0. 
We consider two cases: 

Case 1: Ivl > 2/?*. Note that 
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, 1 3 

Vv, V* 6 W, \v\ > 2R„ |v,| < /?* : -|v| < |v - v*! < -|v|, 



from (I2.2I ). we have 

( /-i 



(2.5) aij{v)^i^j > 

Now we choose ^ > such that 



(i|v|F+2 ,in2 Jg^^^^^^^,^ ^/v,/, for y € [-2, 0), 
dlvir^ ,ijj2 ^ J^^^^^^^^^ Jv./. for y e [-3, -2). 



tan^ 9 = mm 1 , 

9nRJv\^ 



so according to (I2.4I ). we have 



IB* n De,^(v)| < 27r/?,(-|v|)2 tan^ < rji^) 



thus 



/ 

JB^nDgAv 



and then from (12.31 ) and (12.51 ) we have 

(llvir^cos^e min{^, - !^) > 2|(i|v|)r min{^,4/?2) for y e [-2,0), 



(||v|)r+2cos2emm{^, l)(f - i^) > ^(||v|)r min{^, 4/?2) for y e [-3,-2), 



which is also 

(2.6) a,7(v)^;^; > c\vp' > c < v >^ for ye [-3, 0), |v| > 2R, 

where c is a constant depending on y, niQ, and Hq. 

Case 2: |v| < 2/?*. Note that when |v«| < we have |v - v*| < 3/?* thus 

*) 



r i/v,/,iv-v,r2 > r t/v,/,iv - v,r-V(3/?*) 

JB,\De^{v) JB,\Dbj^(v) 



3^* JBADgjiiv) 

Note that 



JB,\Dg^{v) < 4ni s ' JB,\De,fiv) JB.\D,^(v) 



'B,nDg_((v) o 

and we know the first term is greater than mo/2 from (12.31 ) . For the second term to be less than mo/8, 
we expect 

IB, n D0,^(v)| < 2nR,{3R,f tan^ < r]A, 



which requires 

tan^ 9 - mini 

ISnR 



vC—) 

tan^e-minj-!-^, 1}, 
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thus from (I2.2I) we have 



Estimates (12.61 ) and (12.71) together ensure the validity of (12.11) . 

Remark 2.3. From the proof, we can see that actually the coercivity proposition holds for all j < 

3. The case y > -2: energy estimates 
We multiply the equation dl.ll ) by / and integrate to get 

The second term on the l.h.s. can be bounded below by using the coercivity property (12. Il l thus 

(3.2) J J fl;y(v - V,)f,d,Jd,.f > Ccoer \ < " >^ \^vf\^dv. 

For the nonlinear term arising on the on the r.h.s., we have 

(3.3) ^ J J aijiv - v.)5,,/*5.,/ " + 3) J J^|v - v.^/./ ^ Ai + A2, 
where 



Ai =(r + 3) ( ( |v-v.r/,/ 
and 



For the first term in (13.31 ). since y < 0, we have 



The second term can be estimated as follows 



A2 = (y + 3) ( I |v-v.r/*/ 

'|v-v.|<i? 



JJ 

Jv, J|i'-v.|: 

A2=(y+3) r r iv-v*r/*./ 

Jv» J|v-i'.|<R 

ice y < 0, we have 

(3.4) Ai < (y + 3)/?^ r r < (y + 3)/?^m||/||2,. 

Ji'. J|v-v.|>i? 
)WS 

// 

Jv, •J\v- 

= (r + 3) r r iv - < V* /,(< V >^i^ ff < V, >^< V 

Jv, J|i'-v.|<R 

Since < v >">'/< v* >"^< Cy(l + /?2)-r/2^ we get 

A2 < cyir + 3)(1 + /?2)"r/2 r < V, >-r C\y- v,r(< v >^/2 j)2_ 
We use Pitt's inequality Ellllil to get that 

J|V - V.r(< V >^/2 < ^|^r^|< /(^)|2_ 

In order to use Pitt's inequality, we need that y e (-3, 0). 
Recalling that 

M^yit) ^ I < V* 
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we get 

A2 < 3c/r + 3)(1 + R'rl^M^yiDcpu, ^\^\-y\< mt 

For any write 

r \^r\< J(^)|2 < r |^|-r|< ^-^2 J(^)|2 + r |^|-r|< ^-^2 J(^)|2^ 

and using the fact that / is in L\ we get 

r i^r^i< j(^)|2 < ^2 r |^|-r ^ r ^^^-y^^ j^^^yi 

Now we need to assume -y < 2: 

r i^r^K ^(^)|2 < ;j-r+3^2 + -L C \^r\^r^\< ^(^)|2 

< R7^W + Cparseval-^ l|Vv[< V >^/2 j]||2^ 

Optimizing w.r.t. we find 

|^r^|< v>^2 j(^)|2 < 2max(m2,Cp„,)l|Vv[< v >'l^ f\\l ■ 
All in all, we have obtained, for y > -2, 

Ai < 3cyiy + 3)(1 + R^ry^%i,t2maxim\ Cparseval)M-yitWA< v >yl^ f\\\J ■ 
Fix a small e > 0. Then 

A2 < e'rSc/r + 3)(1 + R^)-^'%i„2max(m\cparseval)M-y(t)E=^\\VA< v >^'^ f]\\J^. 

And apply Young's inequality for product with p = ^ - we obtain 

A2 < ^i^s^~r3cy(y + 3)(\ + R^)~^'^Cpu,2maK(m'^,Cparsevai)M-y(t)^'' 

l|Vv[<V>^/V]lli/ ) ' 



4+y 

To" 



which is also 

(3.5) A2 < ^^i^s'-^Scyiy + 3)(1 + R^)-^'^CpUt2maK(m^, Cparseval)M-y{t)^ 

Note that there are two terms in A2 above: M_y and ||Vv[< v >^''-^ /Hl^a- First, for 7 e [-2, 0), 

(3.6) M_y = <v>-^ f< J(l+ v^)f ^m + e. 
Second, we consider ||Vv[< v >^l'^ /]||^2- Note that 

Vv[< V >'yi^ n = l<v >^^'-' /v+ < V >^/2 V,/. 
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Now, since y < 0, we have 

l|Vv[< V >yl^ < 2(11^ < V >^/2-2 ^^||2^ ^ II < ^ y^^||2^j 

(3.7) <^\\ftL2+2\\<v>yl^VJ\^^, 

Recall the constant Ccoer which appears in the coercive inequality (|3.21 i. Then we can choose e 
such that 

-y+6 „2_ V 

and then combining all the above results, we get 

(3.8) + C,oer\\ < V >y'^ V„/||2, < Cj + C^l^, 

or, we just simply have 

(3.9) <Ci+C2||/||^„ 
and therefore, by directly using Gronw all's inequality, we get 

(3.10) 11/(011^2 < ^'''^'(11/011^2 + Cif), 
then we have the first part of Theorem 11.11 

Remark 3.1. 1. By repeating the same process for higher derivatives, one can get the global existence 
of weak solutions. However, the bound depends on time, but the result does not require any assumption 
of smallness on the initial data. This is compatible with the works of Fournier-Guerin II 1411 where they 
have global existence in that case too, though in different LP spaces. 

2. We work with the usual space but one can easily adapt our arguments for weighted spaces. 
This is done for example in the next section when — 3 < y < —2. The same remark also applies for 
estimation of higher derivatives as well. 



4. The case -3 < y < -2: weighted energy estimates 

We carry out the weighted energy estimates in this section for -3 < y < -2. Of course one can 
consider the general case of y € (-3,0) but recall that we have already good estimates from the 
previous section. 

We want to estimate ^ =< v / in L^, and we assume that a > -1 - 3/2y, see below for the final 
arguments, explaining this value of the weight. 

Multiplying the Landau equation by < v and setting g v >" /, we have 

dvg - 5v,| aijif, <v>" 5,,/ - g5v./*)} 

aij{f*d,.jf - /5v./*)}5v, <v>" 

J aijfjd,.. < V } 
-{ J «o(/*^v/ - M,,/*)}5v, < V . 
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Multiplying by g and integrating, we get 

d . 



^11^11^2 = -J J aijf*dvjgdv,g + j j aijdv.jf*gdv,g 

(4.1) +J^J«,7/*/5v,^5,. <v>" 

naijf*gdvjfdv, <v>" + \ I aijfgdy,J^)dy, 



<v>" 



= -I + II + III -IV + V. 

We then estimate each of these terms. Here / can be controlled through the coercivity estimation 
2.11 ). More precisely, we have 



(4.2) / > Ccoer r < V >^ \V,g\^dv. 

Jv 

By a similar argument as for (I3.7l i with / replaced by we have 

J< V >^ \\/,,g\^dv > i J\VA< V >^'^ gfdv - ^ ^g'dv. 



and thus (14.21 ) can be rewritten as 

(4.3) / > ^ Jiv,[< V >yi^ gf - cc,,,r Jy. 

Now, as in the previous section, the term // is 

(4.4) // = (y + 3) J J |v-v,r/,/ = (y + 3)[A + B], 
where 

(4.5) ^"// h'-v,\>s\v-v,\yf,g^ <mCsy\\g\\l, 
and 

(4.6) J J h-v,\<s\v-v*Vf*g^. 
We further decompose B over the sets {/</*) and {/>/*} to get 

B< JJ l|„_,.|<,|v-V.r<V>2- f + J J l|v-v,|<.|v-V,r<V>2-/i', 

and then after direct computation we obtain 

(4.7) B < C£^+^(l + e2)« J <v>2°'/V^ 

We need to control < v >^"/^ f in by using a control of < v / and of V[< v >>'''2+" /] in L^, 
and we will do it by applying Holder's inequality Q. 
We write p\ = pi = p?, = 9 and 

< V >2''^^ / ^ /?r[< V >''/]«[< V >^^2+'' fV^ - <V >2«'/3-2/9Q-2/3(r/2+a) _ 

The last exponent is -2/9a - y/3. Raised to the power 9 this is -2a - 3y. We ask this number to be 
less than 2: o- > -1 - 3/27. 

In conclusion we write, with a > - I - 3/2y, 
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Finally we obtain the interpolation inequality 

(4.8) J < V / < C[ J < V >2 < V /|||, J |V(< V >''+''/2 /)|2. 
In conclusion, we combine (I4.4I )- (I4.8I) to get 

(4.9) // < mCsy\\g\\l, + Cs'-'^l + sY[ J <v>^fp\\<v>" /||J, J |V(< v >"^^'^ f)\\ 
We now analyze the term III which is given by 

HI = JJaijfJ d„,g d,^<v>" . 

We have immediately that 

111= \ \ aijf^f d,, <v>'' d,^<v>" + r r aijfjd.j < V < v 

kJv kJ kJv *J V* 



then 



2q' 



(see the next section for similar arguments). 

Since f < v >"= g, this term can be controlled like B in (14.61 ). thus controlled by //, and we can 
absorb /// and // together to get that 

// + /// < mCs^gWl, + C£^+^(l + e^f [ J < V >2 /]^ll < V /ll^ J |V(< v >"-'^'^ /)p. 

Next for IV, we have 

IV = f f aijf^gd,.jfdy_ <v>"'=j f f aijf^d,.jfdy, < v 

" XX ^'j"'^-^*-^^^'- ^ ^ ~i XX '^'^■^*-^^^'''^'- ^^^^ 

and so again we can absorb it with earlier terms. One can see that V is also similar so all in all 

II + \III\ + \IIV\ + \V\ < mCs^g\\l, 

.C.-'(l ..M/ < V >Vl4|l < V 4 /|V« V >".'V)P. 
By combining the above estimations, the final conclusion is that 

(4.10) j^WgWl, + C,,,r J|Vv[< V >^/2 ^j|2 < 
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CCcoer\\g\\l2 + mCs-y\\g\\l, + Ce^+^Cl + e^n / < ^ >' fy^M^ J |V(< v >^^^ g)\\ 

Set E - j < V >^ fdv = m + e (the summation of mass and energy) which is bounded uniformly 
in time. Setting 

X = Ml^, II < V >y'^ gw^^ = J |V(< V >^/2 g)|2^ 

the above inequality (14.101) reads as 

jX + C,oer\\<V>y'^ g\\l^ < 

CCcoerX + mCs^X + Ce^+^(1 + e^fE^X^W < v >^'^ g\f^^, 
which can be also written under the form 

(4.11) jX < -II < V >^/2 gii^^jc,,,, - Cs'^^l + s^fE-^X-^^ + [CCcoer + mCs^X. 

We want to proceed as in Toscani [20]. However, we have a major trouble in that the moment of 
order 5 of / in are not known to be uniformly bounded w.r.t. time, see Villani |22|. This means 
that using Nash's inequality as in Toscani EOl at that point involves a lower bound which decays in 
time, and so can be very small for large time. Since we want to get global solutions, we are going to 
use Pitt's inequality instead of Nash's inequality. 

Assume that at time t, we have for some 6 >0 

Ccoer - Ce^+^(1 + e2)«£5X5 > 5, 

that is 

(4.12) Ce^^^il + e^rE-^X-3 < C^oer - 6, 

which is to be used for S < Ccoer- 
Then from (14. 1 1 1 ) we obtain 

d_ 

dt 

Pitt's inequality tells us that 



(4.13) -X < -II < V >^/2 ^11^ <5 + [CCcoer + mCs^X. 



<v>y g^ 



IvP 



(4.14) \\<v>yi^ g\?-^^>CpUt ^ 

We are going to show a lower bound for the r.h.s. of this inequality. 
We start from 

r f(y)dv < [ f(v)dv + ^e, 

J Jlvl: 



dv. 



)\v\<R 



which is also 



r f{v)dv < r < V g{v)dv + 

J Jlvl 



'|v|<R 



\ < V V >-^l^ \v\ < V >^l^ \v\-^g{v)dv + ^e, 



by using Cauchy-Schwartz inequality, we obtain 

(4.15) r f(y)dv < [ r < V >-^"< V Ivpin r < V >^ \v\-^g\v)dvf2 + ^e. 

J J\v\<R J\v\<R K 
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Recall that we have a > -I - 3/2y, so the exponent 

a :^ -2a-y + 2 < 2y + 4 e (-2,4) when ye (-3,0). 
Thus we can estimate the upper bound inside the first integral in ( I4.15I ) to get 

J fiv)dv < CR^'h J < V >^ \v\-^g\v)dv]^ + ^e. 

Omitting the constant C, this is of the form 

J f{v)dv < R'I'^A + with ^ = i^ < v >^ \v\~^g^{v)dv^K 



and we choose R such that 



that is 



2/11 4-2/11 



R = e^"'A 



It follows that 



and furthermore we get 



m 



= J f{v)dv<lR'I^A = 2e'l''A'l'\ 



A>Cm''l'e''l\ 



which is also 

(4.16) ^ <v>^ \v\-^g^{v)dv>Cm^^'^e-^'^. 

We can now go back to our differential inequality (14.131 ): by Pitt's inequality (14.141 ) and (14.161 ). we 
have 

(4. 17) < + [CCcoer + mCs^]X = F{X). 
dt 

Recall that we have assumed (14.121) . that is 

6 < Ccoer 

and that we want 

Ce^+>'(1 + S^fE-iX-3 < Ccoer - S, 

that is 

X < [Ccoer - 6fC-^e-^^^^^\l + e^)~^"/E = X. 
Now, let Xeq be the zero of the function F defined in (14.171 ). Assume that 

(4.18) X{0) <X = min{X,Xeg]. 

Then, in view of the form of the differential inequality (14.171 ) and the behavior of the function F, it 
follows that for all f > 

X{t) < X. 

Thus we have obtain a global bound for the weighted norm of /, uniformly in time, that is, we get 
the second part of Theorem 11.11 
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Remark 4.1. Note that X can be as large as we want, since this quantity depends on negative powers 
of E, which is a free parameter that we can take small. However, taking such a small s, wee that X^q 
which is given by 

^ _ C,u,Cm'^'^e--^'^6 
[CCcoer + mCey] 

is going to be small. Therefore by choosing s sufficiently small, we can therefore assume that 

X — ^eq 

and it follows that we will have X{t) < X^q. 

At this point, it is important to recall that for any function f, again using the same notation as 
above, one has the following interpolation inequality 



7/2-3/2 



Thus we should have 



X > Cm"^e 



C ■„Cm^^l'^e~^l'^6 

[CCcoer + mCsy] 



that is 



CpiuCm^e 



> C. 



[CCcoer + mCsy] 

Now we note, in view of previous results on coercivity that an upper bound for Ccoer is given by 

max[CimRlC2- } 

We choose the value of /?* such that these two terms are equal, getting an upper bound like 

^(9-2r)/9_ 



Then it is enough to ask for 



CpinCm^e-^S ^ ^ 



[Cm(9-2y)/9 + mCEy] 

Then we choose a smaller s so that the second term on the denominator is bigger than the first one, 
so we are led to ask for 

CpittCm^e-^S » 

— > C 

[ImCsy] ~ 

and replacing e by S^^^e' with e' sufficiently small, we should require that me"^ should be large 
enough. 

Remark 4.2. Nash 's inequality which was used in by Toscani II20II says that for all h: 



[ J ihivfdv]'-"^'' < c\\h\f/,'m\\i,. 



In our case, h =< v >y/^< v >" f, so we see that we need a moment estimate on f. That estimate, 
see Villani f22h grows up linearly in time, and so we get a bad estimate. 

We can also use the result of Desvillettes-Villani 1,111 Lemma 7 on Page 43: it says that for any h 
smooth, for all fi > 0, for all 6 > 0, we have 



J^/i^ < V >2^< 6 J |V/jp + Cs[J h<v >^'^'^f. 
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Again the choice h -< v >^^^ g leads to ask for a value ofy close to zero 

Jh^<v >^< c( J m\^fi\ Jh<v >'pi^f\ 

using it, we can show that, setting 

7= -I- 91 Ay, 

one has 

j \v<v>y'^ g\^>c\\g\\'^J'My{t)-''\ 

The corresponding additive inequality 

Jh^Kv >^^< C6'" J IV/jp + Cd-"H Jh<v >"''^f 



gives 



and going back to our differential inequality H4.11\l . we get 

4X < -II < V >y'^ g\\l {Ccoer - C£^+^(l + S^fEh^ \ + [CCcoer + mCs^X. 



dt - " ""^ 

Assume that at time t, we have 

Ccoer - Ce^^\\ + S-TeH^ > 0, 

that is 

(4.19) C£^+^(l + £^)"E-3X-^ < Ccoer- 

Then using the above inequality, we have 

^X < -{C6-^I^X - C5~^^l^[My{t)f\\Ccoer - Ce^+^(1 + E^fE-^X-^ \ + [CCoer + mCe^X. 



dt 

Now we note that this is also: 



jX < -C5-^'^x\c,oer - Ce^+^(1 + s^fE'^X^ + C5-^^l^[My{t)f\^Ccoer - Cs^^^il + £^fE-3X 

+ [C Ccoer + mCEy]X, 



then 

d 



i J, 

3 



—X < -CS-^'^xi^Ccoer - Cs^^-^il + s^fE^X^"^ - C5'^^'\My{t)fC£^''yil + s^fE^X 

+C6~'-^'\Myit)f Ccoer + [CCcoer + mCe^X. 
We see that we still have trouble with the growth rate ofMy{t). 
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5. The case y - -3: weighted energy estimates 

We adapt the proof given in the previous Section 4, by taking below y — -3. 
Again setting g =< v /, we have 

(5.1) + r r aijMd,,gd,.<v>" 

naijf*8dvjfdv, < V + I I aijfgdy,jf^)d, 



. <v>" 

V, 

= -/ + // + /// -IV + V. 

We still have 

n r n ^ 

iv \Jv 

For the term //, we have 



(5.2) / > ^ J|V,[< V >y'^ gt - CCoer 



= r r aijdy,jf^gdy,g ^ \ f f aijdv,jf*dvig^ = 4;r f 
and therefore, similarly as in Section 4, we get, with or > -1 - 3l2y 



< V >^ fdv 



(5.3) II < V >2 < V /llj, J |V(< V >"^yl^ /)|2. 

Next, recalUng the term /// which is given by 

///- r r aijud,,gd,j<v>", 

Jv Jv, 

we have immediately that 

Jv Jv, Jv Jv, 

= r r ^v. < V < V +1 r r auf^a^j^ <v>"' d,.<v>" 
" ^ XX < < " ~5 XX ^ " ^ " 

-^11 Ou/*/ <v>" dy.dyj < V 
^ Jv Jv, 



IV \JV, 

Since 

a 



dy. < V dy,{\ + \v\^fl^ = -(1 + |vp)("-2)/22v,- and < v | < C(l + \v\^i"-^^l^ <C<v >"-\ 
we obtain 



III<C f f |v-v.r+V*/ < V >^"-^ + [ f \v-v,r^f,f < V >2«-i + r r |v-v.r+V*/ 

*yv v/v* Jv Jv, Jv Jv, 

Then, we have for any e > fixed 



■2 < V >2«-2 



/// < Ills + Ills 
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where 



Ills = c r r iiv-v.i>^iv - v,rv*/ < V + r r iiv-v,i>^iv - v.r+v./ 

[ f l|v-v.|>.|v-V*rV*/<V 



■2 < V >2-i 



+ 

•'v OVt 

and 



2Qf-2 



7/4 = C f f l|v-v.|<.|v - V,rV*/ < V + r r l|v-v.|<«|v - V,rV,/ < V > 

+ 1 I i|v-v.i<£iv-v*rv*/ 

Jv Jv* 



.2 < ^ >2a-2 



For ///e, one has 

•7v •^v *Jv 

and thus 

For Illg, splitting over the sets f*<f and / < /„, we obtain that 



Ills <A + B 



where 



A<c f f i|v-v.i<«iv - v.r^f < V >2<^-2 + r r i|,_v.i<^iv - < V 

Jv Jv, Jv Jv, 

+ r r iiv-v,i<.iv-v.rv'<v>''^-' 

Jv Jv. 



^2a-l 



'V v/V, 

and 



s < c r r iiv-v,i<.iv - v.rv* < V + r r iiv-v,i<.iv - v,rv* < v 

Jv Jv, Jv J V, 

+ r r iiv-v,i<.iv-v*rv* <v> 

Jv Jv, 

We have 



A < Ce^^^^ ff<v >2«-2 +e3+r+i f/S < ^ >2a-i +^3+7+2 f^s < ^ >2a-2 

Jv Jv Jv 

and we see immediately that 
and therefore 

A < C[s^^^^ + s^^^^ + s^^^^^][ J < V >V]^II < V /I1J2 J |V(< V >'^^^/2 
For B, the same arguments leads to 
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B<C{1+ e2)'^[e3+2+y + ^a+y+i ^ g3+y+2-|^ J < v >V]^II < v >" /I1J2 J |V(< v >'^+^/2 j)|2 
and thus 

Ills < C(l + e^)"[£^^^^^ + £^^^^^ + £^^''^2][ J < V >2 /I'll < V >" /I1J2 J |V(< V >"*^/2 ^)|2_ 

In conclusion, we get 

/// < C(l + e^f [e3+2+r + gS+y+i + e3+r+2][ J < v >V]^II < v /I1J2 J |V(< v ><^+^/2 

+cm[sy^^ + sy^']\\g\\l,. 

The same arguments can be applied to all other terms, and thus we get 

< c|l+(l+e2r[e^+2+^+e^+^+i+e^+^+2]|[ J < v >^ f]'m < v >" /nj^ J |V(< v 
+Cm[sy^^ + sy^']\\g\\l,. 

Note the difference when 7 > -3: in that case, the constant is small in the first term, while here for 

7 = -3, we have a constant which is close to 1, for small e. 

We let 0(e) for the first function and 0(l/e) for the second one to get 

// + \III\ + \IIV\ + \V\ < c{l + J < V >2 < V /III J|V(< V >"^^'^ ff 

+Cmd(-)\\g\\l,. 
By combining the above estimations, the final conclusion is that 

(5.4) + Ccoer J|Vv[< V >^/2 gf < 

CCcoer\\g\?L2 + c[l + 0(e)}[ J < V >^ ff^ < V /||J, J |V« V >'^+^/2 ^)|2 

+Cmd{-)\\g\t. 

Again setting E - J < v >^ fdv - m + e, which is bounded uniformly in time, let 

X = 11^11^2, II < V >^/2 gf^^ ^ J |V(< V >r/2 

then we have obtained 

(5.5) jX < -II < V >^/2 g||^jc,„,, - C(l + 0(e))£5X5} + [CQ„,, + mCd(^)]X. 

At this point, we can use the arguments of Section 4. Assume that at time t, we have for some 

Ccoer - C(l + 0(e))£5X5 > 6, 

that is 

(5.6) C(l + 0(e))£5Z5 < Q,,,, - <5, 



a+y/2 



which is to be used for 6 < C, 



coer- 
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Then we obtain, using again Pitt's inequality ( I4.14I ) and ( I4.16I ). 



Recall that we have assumed 



(5.7) < -CpinCm^^'^e~~^'^S + \CCcoer + m(9(-)]X - F{X). 

at 



S<C, 

and that we want 



C(l + 0{£))Eh^ < Ccoer - 5, 



X < [Ccoer - SfC~\l + 0{S))-^IE = X. 



that is 

Now, let Xeq be the zero of the function F defined in ( I5.7I ). Then assume that 
(5.8) X{0) <X = min{X,Xeq], 

then in view of the form of the differential inequality and the behaviour of function F, it follows that 
for all t > 0: 

X{t) < X. 

Thus we have obtain a global bound for the weighted norm of /, uniformly in time, that is, we get 
the second part of Theorem ll.il for the specific case y = -3. 

6. The case -3 < y < -2: local estimates 
The energy estimate in Section 3 holds for y > -2. For the case y e (-3, -2), we recall ( 13.11 1 

and from (13.21) and (13.71) we have 



Next, we estimate 



J J atj{v-v.)f.d„Jd,^f>^ j \V,{<v>y'^ f)fdv-C J fdv. 

I / / ~ ^*)^v./*5v,/ = (r + 3) £ Jjv - vA^uf. 



The problem is that it looks like a norm, but at that point we need a L} weighted estimation. Up to 
now these bounds grow linearly in time [22] and so are not enough. 

Let us fix a positive function of time <p{t). We split A into two terms (forgetting the positive constant 
y + 3 in front of A) 

A^Ai +A2, 

where 

p2 



and 

A2 ^ J^l|v-v.|<^(f)|v-V,r/,/ 



For Ai , since y < 0, we have 

(6.1) Ai< r h{tyf*f<mm\\ff^,. 

For A2, we split again according to whether or not / < /* to get 

(6.2) A2 < 2 r r i|v-v.i<«oi^ - v*r/ < 2cm'^m\\l3- 
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Next, we are going to work on ||/||^3: if / ^ /1/2/3, then, with i^^ + ^ + ^,we have 

II/IIL3 ^ II/iIIl,,, II/zIIlpJI/zIIlp^- 

Now write 

1 2 6 
1 - — + — + — , 

P\ Pi P?, 

J_ J_ _6_ 
/=/"' -/"^ -f"^ 

= fl'l <V > ''3 ■fl'2 • (< V >2 f)''3 

-3piy _L J_ r A 

= (< V > ''3 f)Pi ■ fl'2 • (< V >2 /)''3 

:= fi ■ fi- h 

with evident notations. We make the choice = p2 = p-i = 9 for reasons linked to Sobolev 
inequaUty. Then we get 

11/11^3 ^ll/lllijl/2lltll/2lli„^ 



Sobolev inequality tells us that 
Finally, we have obtained 

11/11^3 



[ J(< V >5 ffV < J |V(< V >i f)\\ 



<C[J <v>-^y |V(<v>? ff, 

and thus (16.21 ) becomes 

A2 < C0(O'^^[ J < V >-^^ /l^ll/llj^ J |V(< V >5 /)p. 
From Villani [22] (Appendix B), in our case y > -3, i.e., -3y < 9, we have 

(6.3) M_3y:- J" <v>-^^/<C(l+0, 
then finally 

A2 < c.^(o'^^(i + ty^wfwi J iv(< V >? 

Now we choose (p{t) such that (for some s fixed) 

<^(0^^^(l + 0^ < s, 

that is 

0(0 < E~{1 + t)3(3W), 

or, for simplicity, we just choose 

(6.4) 0(0 ^ £^(1 + 



With this choice, we get that 

2 



A2 < C£||/|||, I |V(< V >i /)|2 



J' 

Recall (1611) to get also 

Ai < m0(O^||/||^2 - me^(l + 0^11/11^2- 
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In conclusion, we get: 
(6.5) A < m£^(l + 0^11/11^2 + Cell/llJ, J iV(< v >^ ff. 

Fix t, and optimize w.r.t. e. The above temi is of the form 



y 

£3+yB + eD 



with 



B - m(l + 0^11/11^2, = C||/||| J |V(< V >i /)|2. 
We have equahty in (16.51 ) if 



that is 



With this value, we get from (16.51 ) that 



3+y 3+y 

£ ^ B~D~~. 



3+y 3+y 3+y y 



that is 

y r y n y '8-i-4y 

< c(i + o~[J iv(< V >2 



1 3+y 1 C y ^ y 

A < l\m{\ + 0^ll/ll'2]~ [CWfWl, J |V(< V >-2 /)|2]-3 



We choose another e and write 



18+4y 

A<C(l+0^[ I |V(< V >i /)!"]- 



-y / y o y — 



<C£3(l+0-£'3[ I |V(<V>2/)|2]-3 11/11^/ , 



use Young's inequality for product of the first two factors (ie without the L? norm) with p - -3/y 
and p' = 3/(3 + y): 



18+4y 



|V(< V >-2 fr + Ce-{1 + t)-—^j 11/11^, 
Combine the above estimates, we get a differential inequality 



"L2 



(6.6) < -(c,„„- - -11/11^/ J J iV(< V >2 /)p + C||/||^2 + C(l + 0" 

We see that we have trouble with the growth rate of coefficient, due to lack of uniform in time 
bound of the moment in ( 16.31 ). The differential inequality (16.61 ) yields a local estimate of a weak 
solution in this case and thus we have the following weaker conclusion 

Proposition 6.1. Let y e (-3, —2). Let the initial data /o e iJi^), then we have a local in time a 
priori estimate (16.61 ) on a weak solution in t?. 

Remark 6.2. We emphasize here that when y e (-3, -2), the a priori estimate in L^ is only local, 
unless we can get a better moment estimates in L^,that is, uniformly bounded w.r.t. time. 
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7. Proof of Proposition 1 1.21 



Multiplying the Landau equation by / and integrating, we have 



d 1 . 

Moreover, as usual now, we have also (note here that we keep the weight on the second term on the 
r.h.s.) 



and 



j j aijiv -v.)f.d,Jd,^f>^ J |V,(<v>^/2 /)|2j^_c J <v>y'^ fdv. 
^11 ~ ^*)^v./*5,,/2 = (7 + 3) jjv - vA^M\ 



AU in all, we have 



Define the first term on the r.h.s. as NLT (non linear term), that is 

From now on, we will omit or abbreviate any non important constant. For any £ > 0, we can write 

NLT < C J |v - v,|n|,_,,|<,/, + Iv - v*ri|,_,,|>,/,}. 



Then, we can use classical estimations on the truncated Riez potentials, see 112611 for example, 
involving the usual maximal function M/(v) to get 

NLT < C J^/(v)|£^+^M/(v) + e^. 
Fixing V, we optimize w.r.t. s to find that 

NLT < Cm^^^l^ ^j\v)Mf{v)-^l^ < CCm^^^'^ J Mf{vf-^'^ < Cm^^^'^ J f 

by using our assumption on the values of y. 

Let q be defined by ^ = 2 - y/3 = ^ > 1. Note that we have also qi = ^ - ^ > 1. The 
conjugate exponent is given by q'^ - We can then use Holder inequality together with the fact 
that 7 - 2 < -3 to get 



6-y ^ 6-y 



C J <v >^~^ fdv <ci^J 
Using the conservation of mass, again skipping all constants, we have obtained 

(7.1) —ml, + iv,« V >y^' ffdv <c, + c2j /-^dv. 

Now the idea is this: we want to control the l.h.s. term by the r.h.s, and so we will use some Nash 
Gagliardo Nirenberg type inequalities, [19] for example. 
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We have a shght issue connected to moments (because on the I.h.s., we have only some control of 
a negative power weight in Sobolev space), but let's forget this point for the moment. Firstly recall 
that (we are using homogeneous Sobolev spaces) L"' for < 5 < 3/2 and m = We want 

to choose m = q = This gives the value of 5 as 5 = ij^n ■ Note that we have < s < 1. 
If this is the case, it follows that \\f\\% < C||/||^ . 

On the other hand, by using classical ideas for proving Nash inequality (Fourier transform, opti- 
mizing for small and big frequencies), one can show that (for s < I which is the case here) 



and thus 



J-(3+2.v)^ 



A little computation shows that /i = ^(3 + 2s)q = ^[3-7] which gives < 1 iff y > -2. Then 
(up to the control of weights), we can absorb the r.h.s by the I.h.s in inequality ( 17.11 ). 

Now to get everything rigorous, and in particular to take care of the loss of weights appearing on 
the I.h.s, we need to interpolate with a weighted space the r.h.s. of ( 17.11 ) (as well we can also use 
some improved type Nash inequalities). 

Starting with a fixed e > 0, we look for a e (0, 1) such that <7 = a.l + (1 - a){q + s). We find that 

a and I - a . 

q + s—\ q + s—\ 

It follows that 
and using Holder inequality, we get 



2a 



y/2 f.q+£\ 



which upon using another small e > 0, yields 



SetqE = q + e,ye = y - 3e and Ss - 2yJ-n ■ 
Then, we still have 



Then note that /ig = j^{3 + 2si;)q£ - j{2> - y^] - ^[3 - y + 3e]. Since we have assumed y > -2, 
one obtains that jUs < I when choosing any e such that < e < Therefore we choose exactly 



^ 3 • 



With this value of e, we find that a = I - a = q + s = |, and thus all in all, we find that 

( f < C{s)M -4yo-y) {t) + C(£,m) + sC{m) \ |V[< v >'^l'^ 
and therefore choosing e small enough, we find that, going back to our estimation inequality 
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11/11^2(0 < C(l + tf 

which ends the proof of Proposition 11.21 

Remark 7.1. (1) Of course, we get also a Sobolev estimation as well. Moreover, it might be also 
possible to have direct estimation of the nonlinear term by using Holder inequality, together 
with the standard Nash 's inequality. 

(2) Note that the growth of this l7 estimate is linked with the moment estimate. One can also get 
weighted t} estimate and more generally LP estimates. For example, one can show that the 
nonlinear term is estimated by J fP~~i'/^. But it does not seem to be possible to improve the 
range of values ofy. However, working with large p seem to require less moments on f. 

(3) By interpolating also with l7, as in previous sections, one can get also local estimates for all 
y > -3. 
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